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1. Introduction
The notion of equicontinuity is naturally deﬁned for a set of mappings from a topological space to a uniform space
(also to a quasi-uniform space). In terms of equicontinuity it is possible to obtain the Ascoli’s type compactness criterion
in the compact-open topology for the sets of continuous mappings between a k-space X and a Hausdorff uniform space Y
([10, Theorem 7.18], [2]). In order to get a similar criterion when the second space is a topological space, in [10, Chapter 7]
a notion of even continuity appeared. Using this notion indeed it is possible to get the required result ([2], [9, Theorem
3.4.20], [10, Theorem 7.21], [13]). As it is noted in [6], the even continuity has been studied from many different points of
view.
A notion of a topological equicontinuity was introduced in [14, Chapter 14], where it is demonstrated that this concept
can be successfully used for the proof of the existence of transitively invariant regular measures in locally compact spaces.
It seems that only in [5] and [6] a further study of topological equicontinuity was made subsequently.
In the present article we study these concepts in their own right and we introduce also the concepts of compact equicon-
tinuity and compact topological equicontinuity. We hope that these new notions will play a role in the study of invariant
measures and in topological dynamics.
We show that for a set of group homomorphisms from a semitopological group to a topological group all these notions
of equicontinuities coincide. Finally, in the last section we deal with Ascoli’s type results following Noble’s paper [13]. We
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example of a space which does not satisfy the Ascoli theorem in Noble’s sense.
2. Basic notations
Let X , Y be two non-empty sets. For A ⊂ X , W ⊂ Y and F ⊂ Y X we denote
F(A,W ) = { f ∈ F ∣∣ f (A) ⊂ W }, F (A,W ) = { f ∈ F ∣∣ f (A) ∩ W = ∅}.
When A = {x} for some x ∈ X we write F(x,W ) instead F({x},W ) and F (x,W ) instead F ({x},W ).
Observations 2.1.
(1) F(x,W ) = F (x,W ) ∀x ∈ X ,
(2) F(A,W ) =⋂x∈A F(x,W ),
(3) F (A,W ) =⋃x∈A F(x,W ),
(4) A1 ⊂ A2 ⇒ F(A2,W ) ⊂ F(A1,W ) and F (A1,W ) ⊂ F (A2,W ),
(5) W1 ⊂ W2 ⇒ F(A,W1) ⊂ F(A,W2) and F (A,W1) ⊂ F (A,W2).
For a topological space (X, τ ) we denote by Nτ (x) or Nτ (K ) the collection of all neighbourhoods of a point x ∈ X or of
a set K ⊂ X .
For topological spaces X, Y , as usual, C(X, Y ) will stand for the set of all continuous mappings f : X → Y .
3. Basic deﬁnitions
We begin by recalling of a usual concept (see [4,10,11]): a family F of mappings from a topological space (X, τ ) to a
quasi-uniform space (Y , V) is called:
(eq1) equicontinuous at x0 ∈ X if ∀V ∈ V , ∃A ∈ Nτ (x0) such that
(
f (x0), f (a)
) ∈ V ∀a ∈ A, ∀ f ∈ F;
(eq2) equicontinuous if F is equicontinuous at every x ∈ X .
It is known that the equicontinuity cannot be deﬁned in topological terms: two distinct uniformities V1, V2 may induce
the same topology in Y , but a family F of mappings from a topological space (X, τ ) to Y may be (τ , V1)-equicontinuous
without being (τ , V2)-equicontinuous (see [12, p. 500], where it is noted that such an example can be given for Y = R
taking as V1 the usual uniformity and as V2 the uniformity generated by the complete metric (y1, y2) → |y32 − y31|).
According to [10, p. 235] a family F of mappings from a topological space X to a topological space Y is called evenly
continuous iff for each x in X , each y in Y , and each neighborhood B of y there is a neighborhood A of x and a neighborhood
W of y such that f (A) ⊂ B whenever f (x) ∈ W .
Using notations of Section 2 this deﬁnition can be presented as follow:
A family F of mappings from a topological space (X, τ ) to a topological space (Y , η) will be called:
(ec1) evenly continuous at x0 ∈ X and y0 ∈ Y if for every B ∈ Nη(y0) there are A ∈ Nτ (x0) and W ∈ Nη(y0) such that
F(x0,W ) ⊂ F(A, B);
(ec2) evenly continuous at x0 ∈ X if F is evenly continuous at x0 and y for each y ∈ Y ;
(ec3) evenly continuous if F is evenly continuous at x for every x ∈ X .
Observations 3.1.
(1) If F is evenly continuous at x0 ∈ X and y0 ∈ Y , then F(x0, {y0}) is evenly continuous at x0.
(2) If F is evenly continuous at x0, then each f ∈ F is continuous at x0.
(3) If F if ﬁnite and each f ∈ F is continuous at x0, then F is evenly continuous at x0.
(4) If V is a quasi-uniformity in Y compatible with η and F is equicontinuous at x0 ∈ X , then F is evenly continuous
at x0 [5].
(5) If Y is a compact regular space, V is the uniformity in Y compatible with η and F is evenly continuous at x0 ∈ X , then
F is equicontinuous at x0 (see [10, Theorem 7.23]).
(6) The following question is partially answered in [5]:
For a topological space (Y , η) does there exist a compatible quasi-uniformity V such that for a topological space (X, τ )
every evenly continuous family F ⊂ Y X is equicontinuous?
3064 E. Corbacho et al. / Topology and its Applications 156 (2009) 3062–3069Proof of (3). Fix y0 ∈ Y and let us see that F is evenly continuous at x0 and y0.
Take an open B ∈ Nη(y0) and put W = B .
If F(x0, B) = ∅, then F(x0, B) ⊂ F(A, B) for every A ∈ Nτ (x0) and F is evenly continuous at x0 trivially.
Suppose now that F(x0, B) = ∅. Fix f ∈ F(x0, B). Then B ∈ Nη( f (x0)). Since f is continuous at x0 there is A f ∈ Nτ (x0)
such that f (A f ) ⊂ B . Clearly for A :=⋂ f ∈F(x0,B) A f ∈ Nτ (x0) we get that F(x0, B) ⊂ F(A, B) and so, F is evenly continu-
ous at x0. 
The following statement illustrates usefulness of a localized version of even continuity.
Proposition 3.2. Let (X, τ ) be a topological space, (Y , η) be a regular topological space, x0 ∈ X, F be a net ( f i)i∈I of mappings from
X to Y and f : X → Y be a mapping. If the conditions
(1) there exists A0 ∈ Nτ (x0) such that limi f i(x) = f (x) ∀x ∈ A0 ,
(2) F is evenly continuous at x0 and f (x0)
are satisﬁed, then f is continuous at x0 .
Proof. Fix a closed B ∈ Nη( f (x0)). By (2) there are A ∈ Nτ (x0) and W ∈ Nη( f (x0)) such that F(x0,W ) ⊂ F(A, B). Since
x0 ∈ A0 and (1) is satisﬁed, we have limi f i(x0) = f (x0) ∈ W ; so we can ﬁnd i0 ∈ I such that for every i ∈ I with i > i0 we
will have f i(x0) ∈ W , i.e., i > i0 ⇒ f i ∈ F(x0,W ) ⊂ F(A, B). Therefore, i > i0, x ∈ A ⇒ f i(x) ∈ B . From this and (1) again
we conclude
f (x) = lim
i
f i(x) ∈ B = B, ∀x ∈ A ∩ A0.
Consequently, for our closed B ∈ Nη( f (x0)) we found A ∩ A0 ∈ Nτ (x0), such that f (A ∩ A0) ⊂ B . From this, since (Y , η) be
a regular topological space, it follows that f is continuous at x0. 
According to [14, p. 362] the family F is called:
(te1) topologically equicontinuous at x0 ∈ X and y0 ∈ Y if for every B ∈ Nη(y0) there are A ∈ Nτ (x0) and W ∈ Nη(y0) such
that F (A,W ) ⊂ F(A, B);
(te2) topologically equicontinuous at x0 ∈ X if F is topologically equicontinuous at x0 and y for each y ∈ Y ;
(te3) topologically equicontinuous if F is topologically equicontinuous at x for every x ∈ X .
Observations 3.3.
(1) If F is topologically equicontinuous at x0 ∈ X and y0 ∈ Y , then F(x0, {y0}) is topologically equicontinuous at x0.
(2) F is topologically equicontinuous (at x0 ∈ X ), then F is evenly continuous (at x0).
(3) The implication ‘F is evenly continuous ⇒ F is topologically equicontinuous at some x0’ may fail even if F is a transitive
group homeomorphisms of a completely regular Hausdorff space [6, Remark 6.5].
(4) If f : X → Y is continuous at x0, then { f } is topologically equicontinuous at x0 provided (Y , η) is either regular or a
Hausdorff space [5].
(5) The previous item may fail even for a compact non-Hausdorff T1-space (Y , η) [5, Remark 2.6].
(6) If (Y , V) is a locally symmetric quasi-uniform space and F is equicontinuous at x0 ∈ X , then F is topologically equicon-
tinuous at x0 [5, Proposition 3.5].
(7) The previous item may fail even for a non-locally symmetric quasi-uniform space (Y , V) carrying a completely regular
Hausdorff topology [5, Remark 3.6].
4. Two other notions of equicontinuity
A family F of mappings from a topological space (X, τ ) to a topological space (Y , η) will be called:
(cec1) compactly equicontinuous at x0 ∈ X if for every η-compact K ⊂ Y and B ∈ Nη(K ) there is A ∈ Nτ (x0) such that
F(x0, K ) ⊂ F(A, B);
(cec2) compactly equicontinuous if F is compactly equicontinuous at every x ∈ X .
Proposition 4.1. Let (X, τ ), (Y , η) be topological spaces, x0 ∈ X and F be a family of mappings from X to Y . Consider the statements:
(a) F is evenly continuous at x0.
(b1) F is compactly equicontinuous at x0.
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(c) For a given η-compact set K1 ⊂ Y and η-closed compact set K2 ⊂ Y with K1∩K2 = ∅ there is A ∈ Nτ (x0) such that F(x0, K1) ⊂
F(A, Y \ K2) and F(x0, K2) ⊂ F(A, Y \ K1).
The following implications are true:
(I) (a) ⇒ (b1) ⇔ (b2) ⇒ (c).
(II) If (Y , η) is locally compact, then (b1) ⇒ (a).
Proof. (I) (a) ⇒ (b1). Fix y ∈ K . Since F is evenly continuous at x0 and y, for O ∈ Nη(y) we can ﬁnd Ay ∈ Nτ (x0) and
an open Wy ∈ Nη(y) such that F(x0,Wy) ⊂ F(Ay, O ). Since (Wy)y∈K is an open covering of the compact set K , for some
natural n and some y1, . . . , yn ∈ K we have K ⊂⋃ni=1 Wyi . Take A :=
⋂n
i=1 Ayi . Then A ∈ Nτ (x0) and F(x0, K ) ⊂ F(A, O ).
(b1) ⇔ (b2). It is clear.
(b2) ⇒ (c). There exist A1 ∈ Nτ (x0) such that F(x0, K1) ⊂ F(A1, Y \ K2) and A2 ∈ Nτ (x0) such that F(x0, K2) ⊂
F(A2, Y \ K1); then for A := A1 ∩ A2 ∈ Nτ (x0) we will have that F(x0, K1) ⊂ F(A, Y \ K2) and F(x0, K2) ⊂ F(A, Y \ K1).
(II) Fix y ∈ Y and an open B ∈ Nη(y). Since (Y , η) is locally compact, there is a compact K ∈ Nη(y), such that K ⊂ B .
Therefore B ∈ Nη(K ). From this since F is (τ ,η)-compactly equicontinuous at x0, we get the existence of A ∈ Nτ (x0) such
that F(x0, K ) ⊂ F(A, B). From this, as K ∈ Nη(y), it follows that F is (τ ,η)-evenly continuous at x0 and y. 
Proposition 3.2 has the following sequential analogue in case of compact equicontinuity.
Proposition 4.2. Let (X, τ ) be a topological space, (Y , η) be a regular topological space, x0 ∈ X, F be a sequence ( fn)n∈N of mappings
from X to Y and f : X → Y be a mapping. If the conditions:
(1) limn fn(x) = f (x) ∀x ∈ X,
(2) F is compactly equicontinuous at x0 ,
are satisﬁed, then f is continuous at x0 .
Proof. Fix a closed B ∈ Nη( f (x0)). Since (1) is satisﬁed, we have limn fn(x0) = f (x0) ∈ B; so we can ﬁnd n0 ∈ N such that
for every n ∈ N with n  n0 we will have fn(x0) ∈ B . Clearly K = { fn(x0): n  n0} ∪ { f (x0)} is a compact set contained in
B . So by (2) there is A ∈ Nτ (x0) such that F(x0, K ) ⊂ F(A, B). Since fn ∈ F(x0, K ) ⊂ F(A, B), ∀n  n0, we get: fn(A) ⊂
B, ∀n n0. Therefore, n > n0, x ∈ A ⇒ fn(x) ∈ B . From this and (1) again we conclude
f (x) = lim
n
fn(x) ∈ B = B, ∀x ∈ A.
Consequently, for our closed B ∈ Nη( f (x0)) we found A ∈ Nτ (x0), such that f (A) ⊂ B . From this, since (Y , η) be a regular
topological space, it follows that f is continuous at x0. 
A family F of mappings from a topological space (X, τ ) to a topological space (Y , η) will be called:
(ctec1) compactly topologically equicontinuous at x0 ∈ X if for every η-compact K ⊂ Y and B ∈ Nη(K ) there is A ∈ Nτ (x0)
such that F (A, K ) ⊂ F(A, B);
(ctec2) compactly topologically equicontinuous if F is compactly equicontinuous at every x ∈ X ;
(cs1) compact separating at x0 ∈ X if for an η-compact set K1 ⊂ Y and an η-closed compact set K2 ⊂ Y with K1 ∩ K2 = ∅
there is A ∈ Nτ (x0) such that F (A, K1) ∩ F (A, K2) = ∅ (cf. [15, Deﬁnition 4.1]);
(cs2) compact separating if F is compact separating at every x ∈ X .
The following statement is a version of Proposition 4.1 for the case of topological equicontinuity. It is initiated by [14,
Proposition 14.1].
Proposition 4.3. Let (X, τ ), (Y , η) be topological spaces, x0 ∈ X and F a family of mappings from X to Y . Consider the statements:
(a) F is topologically equicontinuous at x0.
(b1) F is compactly topologically equicontinuous at x0. K ⊂ O .
(b2) For a given η-compact set K ⊂ Y and η-closed set C ⊂ Y with K ∩ C = ∅ there exists A ∈ Nτ (x0) such that F (A, K ) ⊂
F(A, Y \ C).
(c) F is compact separating at x0.
The following implications are true:
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(II) If (Y , η) is locally compact, then (b1) ⇒ (a).
Proof. (I) (a) ⇒ (b1). Fix y ∈ K . Since F is (τ ,η)-topologically equicontinuous at x0 and y, for O ∈ Nη(y) we can ﬁnd
Ay ∈ Nτ (x0) and an open Wy ∈ Nη(y) such that F (Ay,Wy) ⊂ F(Ay, O ). Since (Wy)y∈K is an open cover of the compact
set K , for some natural n and some y1, . . . , yn ∈ K we have K ⊂ ⋃ni=1 Wyi . Take A :=
⋂n
i=1 Ayi . Then A ∈ Nτ (x0) and
F (A, K ) ⊂ F(A, O ).
(b1) ⇔ (b2). It is clear.
(b2) ⇒ (c). There exist A1 ∈ Nτ (x0) such that F (A, K1) ⊂ F(A1, Y \ K2) and A2 ∈ Nτ (x0) such that F (A2, K2) ⊂
F(A2, Y \ K1); then for A := A1 ∩ A2 ∈ Nτ (x0) we will have that F (A, K1) ∩ F (A, K2) = ∅.
(II) Fix y ∈ Y and an open B ∈ Nη(y). Since (Y , η) is locally compact, there is a compact K ∈ Nη(y), such that K ⊂ B .
Therefore B ∈ Nη(K ). From this since F is (τ ,η)-compactly topologically equicontinuous at x0, we get the existence of
A ∈ Nτ (x0) such that F (A, K ) ⊂ F(A, B). From this, as K ∈ Nη(y), it follows that F is topologically equicontinuous at x0
and y. 
We do not know whether Proposition 4.1(II) and Proposition 4.3(II) are true in general.
5. The case of homomorphisms
Let (X,+) be a group.
For x ∈ X the opposite element will be denoted −x, the mapping from X to X which sends x to −x we denote ι and call
the group inversion. For a ﬁxed a ∈ X the mapping from X to X which sends x to x+ a (to a + x) we denote ra (la) and call
it the right (left) translation. The neutral element of the groups under consideration will be denoted θ.
A group equipped with a topology will be called a topologized group. A topologized group (X,+) is called:
– topological group if + : X × X → X is continuous and ι : X → X is continuous too;
– paratopological group if + : X × X → X is continuous (the continuity of ι : X → X is not required);
– right (left) semitopological group if for each ﬁxed a ∈ X the mapping ra (the mapping la) is continuous;
– semitopological group if it is both right and left semitopological group (the continuity of ι : X → X is not required).
Remark 5.1.
(1) The terms ‘a paratopological group’ and ‘a semitopological group’ due to [3].
(2) A Hausdorff locally compact semitopological group is a topological group ([8], see also [1, Theorem 2.3.12]).
(3) In general, a semitopological group may not be a paratopological group and a paratopological group may not be a
topological (see [1] for the corresponding examples and many recent results about these objects).
(4) A semitopological group X is a paratopological group iff the family (ra)a∈X is evenly continuous [6, Theorem 5.2].
(5) A semitopological group X is a topological group iff the family (ra)a∈X is topologically equicontinuous [6, Theorem 6.3].
Deﬁnition 5.2. Let (Y , η) be a paratopological group. The collection {Vr | V ∈ Nη(θ)}, where Vr := {(y1, y2) | y2 ∈ V + y1},
is a base of a quasi-uniformity called the right quasi-uniformity associated with the topology η.
Similarly, the collection {Vl | V ∈ Nη(θ)}, where Vl := {(y1, y2) | y2 ∈ y1 + V }, is a base of a quasi-uniformity called the
left quasi-uniformity associated with the topology η.
Proposition 5.3. Let (X, τ ) be a right (left) semitopological group, (Y , η) be a paratopological group, V right (left) quasi-uniformity
associated with η and F a family of group homomorphisms from X to Y . TFAE:
(i) F is evenly continuous at θ ∈ X.
(ii) F is compactly equicontinuous at θ.
(iii) for every V ∈ Nη(θ) there is U ∈ Nτ (θ) such that f (U ) ⊂ V , ∀ f ∈ F .
(iv) F is equicontinuous.
(v) F is evenly continuous.
Proof. (i) ⇒ (ii). It follows from Proposition 4.1.
(ii) ⇒ (iii). Apply (ii) for the compact set K = {θ}.
(iii) ⇒ (v). Let (X, τ ) be a right semitopological group. Fix x0 ∈ X , y0 ∈ Y and B ∈ Nη(y0). Since ry0 is continuous at θ
and ry0(θ) = y0, we get that B− y0 = r−1y0 (B) ∈ Nη(θ). Since + is (η⊗η,η)-continuous at (θ, θ), we can ﬁnd V ∈ Nη(θ) such
that V + V ⊂ B − y0. Since r−y0 is (η,η)-continuous at y0 and r−y0 (y0) = θ , we have: W := V + y0 = r−1−y0 (V ) ∈ Nη(y0).
By (iii), for V ∈ Nη(θ) there is U ∈ Nτ (θ) such that F = F(U , V ).
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r−1−x0 (U ) ∈ Nτ (x0).
Take now f ∈ F(x0,W ); then f (x0) ∈ W and
f (A) ⊂ f (U ) + f (x0) ⊂ V + W = V + V + y0 ⊂ (B − y0) + y0 = B.
Consequently F(x0,W ) ⊂ F(A, B) and the even continuity of F at x0 and y0 is proved.
In the case of a left semitopological group the implication can be proved in a similar way.
(iv) ⇒ (v). It follows by Observation 3.1(4).
(v) ⇒ (i). It is evident.
(iii) ⇒ (iv). Let (X, τ ) be a right semitopological group and V the right quasi-uniformity in Y associated with η. Fix
x0 ∈ X arbitrarily and let us verify that F is equicontinuous at x0.
To do this take V ∈ Nη(θ). By (iii) there is U ∈ Nτ (θ) such that F = F(U , V ).
Since (X, τ ) is a right semitopological group r−x0 is continuous at x0 and since r−x0 (x0) = θ , we have: A := U + x0 =
r−1−x0 (U ) ∈ Nτ (x0).
Clearly,
a ∈ A = U + x0 ⇒ f (a) ∈ f (U ) + f (x0) ⊂ V + f (x0) ⇒
(
f (x0), f (a)
) ∈ Vr .
Since {Vr | V ∈ Nη(θ)} is a base of V , it follows that F is equicontinuous at x0.
In the case of a left semitopological group (X, τ ) and the left quasi-uniformity V in Y associated with η the implication
can be proved similarly. 
Proposition 5.4. Let (X, τ ) be a right (left) semitopological group, (Y , η) be a topological group, V right (left) uniformity associated
with η and F a family of group homomorphisms from X to Y . TFAE:
(i) F is evenly continuous at θ ∈ X.
(ii) F is compactly equicontinuous at θ.
(iii) For every V ∈ Nη(θ) there is U ∈ Nτ (θ) such that f (U ) ⊂ V , ∀ f ∈ F .
(iv) F is equicontinuous.
(v) F is topologically equicontinuous.
(vi) F is compactly topologically equicontinuous at θ.
(vii) F is evenly continuous.
Proof. By Proposition 5.3 we have that (i), (ii), (iii), (iv) and (vii) are mutually equivalent. (v) ⇒ (vi) by Proposition 4.3,
(vi) ⇒ (ii) and (v) ⇒ (vii) are evident.
(iii) ⇒ (v). Let (X, τ ) be a right semitopological group. Fix x0 ∈ X , y0 ∈ Y and B ∈ Nη(y0). Since (Y , η) be a topological
group, B − y0 = r−1y0 (B) ∈ Nη(θ) and we can ﬁnd V ∈ Nη(θ) such that V − V + V ⊂ B − y0; also, W := V + y0 = r−1−y0 (V ) ∈Nη(y0).
By (iii), for V ∈ Nη(θ) there is U ∈ Nτ (θ) such that F = F(U , V ).
Since (X, τ ) is a right semitopological group r−x0 is continuous at x0 and since r−x0 (x0) = θ , we have: A := U + x0 =
r−1−x0 (U ) ∈ Nτ (x0).
Take now f ∈ F (A,W ); then f (A) ∩ W = ∅ and so, for some u ∈ U we have f (u + x0) ∈ W . This implies: f (x0) ∈
− f (u) + W ⊂ −V + W . Therefore,
f (A) ⊂ f (U ) + f (x0) ⊂ V + (−V + W ) = V − V + V + y0 ⊂ (B − y0) + y0 = B.
Consequently F (A,W ) ⊂ F(A, B) and the topological equicontinuity of F at x0 and y0 is proved.
In the case of a left semitopological group the implication can be proved in a similar way. 
6. Ascoli theorem
Let (X, τ ), (Y , η) be topological spaces and F a set of mappings from X to Y . The sets of the form F(A, B) where A
runs over compact subsets of (X, τ ) and B ∈ η constitute a subbase of a topology in F called the compact-open topology. In
this way, when F = C(X, Y ), we get the compact-open topology in C(X, Y ).
Fix topological spaces (X, τ ), (Y , η) and a topology T in the set C(X, Y ).
Deﬁnition 6.1. ([13]) The triplet (X, Y , T ) is said to satisfy the weak Ascoli theorem if a T -closed set F ⊂ C(X, Y ) is
T -compact provided:
(1) F is evenly continuous,
(2) The set F(x) := { f (x) | f ∈ F} has compact closure in Y , ∀x ∈ X .
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continuous provided:
(1) F is T -compact,
(2) The set F(x) := { f (x) | f ∈ F} has compact closure in Y , ∀x ∈ X .
Theorem 6.3. ([13, Theorem 4.1(i)]) Let X be a topological space and Y be a regular Hausdorff topological space, T be the compact-
open topology. Then the triplet (X, Y , T ) satisﬁes the weak Ascoli theorem.
This theorem in case of group homomorphisms implies the following statement.
Corollary 6.4. Let (X, τ ) be a right or left semitopological group, (Y , η) be a regular Hausdorf paratopological group, T be the
compact-open topology in C(X, Y ) and F be a T -closed subset of C(X, Y ) consisting of group homomorphisms from X to Y . Then F
is T -compact provided:
(1) For every V ∈ Nη(θ) there is U ∈ Nτ (θ) such that f (U ) ⊂ V , ∀ f ∈ F ,
(2) The set F(x) := { f (x) | f ∈ F} has compact closure in Y , ∀x ∈ X.
Proof. By implication (iii) ⇒ (v) of Proposition 5.3 the set F is evenly continuous and this together with (2) by Theorem 6.3
implies that F is T -compact. 
Theorem 6.5. ([13, Cor. 4.4]) Let X be a product of k-spaces and Y be a regular Hausdorff topological space, T be the compact-open
topology. Then the triplet (X, Y , T ) satisﬁes the Ascoli theorem.
This theorem in case of group homomorphisms implies the following statement.
Corollary 6.6. Let (X, τ ) be a right or left semitopological group such that (X, τ ) is a product of k-spaces, (Y , η) be a regular Hausdorf
paratopological group, T be the compact-open topology in C(X, Y ) and F be a T -compact subset of C(X, Y ) consisting of group
homomorphisms from X to Y .
Then for every V ∈ Nη(θ) there is U ∈ Nτ (θ) such that f (U ) ⊂ V , ∀ f ∈ F .
Proof. Since F is T -compact, by Theorem 6.5 the set F is evenly continuous and then by implication (v) ⇒ (iii) of
Proposition 5.3 the needed condition is satisﬁed. 
In connection with Theorem 6.5, Noble gives the following
Example 6.7. ([13, Ex. 4.6]) There exists a completely regular Hausdorff space X such that if Y is any space containing a
non-degenerate arc, and T is any topology on C(X, Y ), the triplet (X, Y , T ) does not satisfy the Ascoli theorem.
This example is wrong: If T is the discrete topology, then for every X and Y the triplet (X, Y , T ) satisﬁes the Ascoli
theorem trivially (because the compact sets in the discrete topology are ﬁnite and a ﬁnite set of continuous functions is
evenly continuous by Observation 3.1(3)).
Here we give another example of a triplet which does not satisfy the Ascoli theorem.
Example 6.8. Let X be an inﬁnite-dimensional real normed space, Xw be the same vector space endowed with the weak
topology. Let also T be the compact-open topology in C(Xw ,R). Then the triplet (Xw ,R, T ) does not satisfy the Ascoli
theorem.
Proof. Let X be the topological dual of X and F ⊂ X be a norm compact set not contained in any ﬁnite-dimensional
subspace of X . (The existence of such a set is a consequence of the known fact that X is also an inﬁnite-dimensional
normed space.) Then F is T -compact. (This is true because the norm topology of X is ﬁner than T .) However F cannot
be evenly continuous at 0 ∈ Xw . In fact, suppose that F is evenly continuous at 0 ∈ Xw . By the deﬁnition of Xw and by
implication (i) ⇒ (iii) of Proposition 5.4, there are n ∈ N and {g1, . . . , gn} ⊂ X such that if x ∈ ⋂ni=1{x ∈ X | |gi(x)| < 1},
then | f (x)| < 1 ∀ f ∈ F . Consequently, ⋂ni=1 ker(gi) ⊂ ker( f ) ∀ f ∈ F , and by [7, Lemma, p. 10], F is contained in the
ﬁnite-dimensional subspace generated by {g1, . . . , gn}. 
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